ADVANCED ALGEBRA, FALL 2026
PROBLEM SHEET 2

PROF. DANIEL SKODLERACK

Problem 1 (10410, ring of algebraic integers). Compute the integral closure of Z
(i) in Q(+/D), D a square-free integer.
(i) in the normal hull of Q(23).
Problem 2 (10, integral closure in C). Let O be the integral closure of Z in C, p be a prime in Z

and P be a maximal ideal of O containing p. Prove that the field O/ is an algebraic closure
of F,,. (This provides another way to construct all finite fields of characteristic p.)

Problem 3 (10+10, ring extension with nilpotent elements). Let I be the ideal in Z[X] generated
by X2 —2X +1, and let J be the ideal in Q[X] generated by X2 —2X + 1. Consider the quotients
A:=7Z[X]/I, B:=Q[X]/J.

(i) Prove J nZ[X] = 1.
(ii) Find the integral closure of A in B.

Date: Please hand in your solution before the lecture on Tuesday, October 13th 2026. For all exercises the
results need to be proven using results from this lecture and the lectures before, provided you give a reference.
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